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Local Electron Correlations in a Two-dimensional Hubbard Model on
the Penrose Lattice
Nayuta Takemori ∗ and Akihisa Koga
Department of Physics, Tokyo Institute of Technology, Meguro, Tokyo 152-8551, Japan
We study electron correlations in the half-filled Hubbard model on two-dimensional Penrose lattice. Ap-
plying the real-space dynamical mean-field theory to large clusters, we discuss how low-temperature prop-
erties are affected by the quasiperiodic structure. By calculating the double occupancy and renormalization
factor at each site, we clarify the existence of the Mott transition. The spatially-dependent renormalization
characteristic of geometrical structure is also addressed.
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Quasiperiodic systems have attracted considerable in-
terest since the discovery of quasicrystal.1) One of the
specific features is the existence of the long-range or-
der without translational symmetry. This should in-
duce interesting low-temperature properties in the metal-
lic quasicrystals such as electric and thermal conduc-
tivities.2, 3) The tight-binding model on the quasiperi-
odic lattices, which may describe some quasicrystal
compounds, has been studied and intrinsic properties
such as the existence of the confined state and frac-
tal dimensions, have been clarified.4, 5) Recently, inter-
esting low-temperature properties have been observed
in the quasicrystal Au51Al34Yb15 and its approximant
Au51Al35Yb14,
6) which stimulates the further theoretical
investigations.7, 8) In the former compound, the specific
heat and susceptibility exhibit power-law behavior with a
nontrivial exponent at low temperatures. In contrast, the
approximant with the periodic structure shows conven-
tional heavy fermion behavior. These should suggest that
electron correlations and quasiperiodic structure play a
crucial role in stabilizing quantum critical behavior at
low temperatures. Therefore, it is desirable to clarify how
electron correlations affect low temperature properties in
the quasiperiodic system.
Motivated by this, we study correlated electron sys-
tems on the quasiperiodic lattice. One of the simplest
questions is how the introduction of the Coulomb inter-
action forms the quasiparticles and leads to the Mott
transition in the system since coordination number and
geometrical structure depend on the lattice sites. To at-
tack this fundamental problem, we focus on the half-
filled Hubbard model on a two-dimensional Penrose lat-
tice, where a site is placed on each vertex of the rhom-
buses [see Fig. 1(a)]. We apply the real-space dynamical
mean-field theory (RDMFT)9) to the Hubbard model,
and discuss electron correlations in the system. Calcu-
lating renormalization factor and double occupancy at
each site, we study how the Coulomb interactions yield
the spatially-dependent renormalization, typically close
to the Mott transition point.
In this paper, we consider the single-band Hubbard
model on the Penrose lattice, which should be given by
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Fig. 1. (Color online) (a) Two-dimensional Penrose lattice. The
lattice is composed of shaded (fat) and open (skinny) rhombuses.
(b) Pentagon structures Pα and Pβ . We label center sites in
Pα(Pβ) as A(B) and nearest neighbor(NN) sites and next near-
est neighbor(NNN) sites of center sites in Pα(Pβ) as B(C) and
D(E). (c) Possible overlap structures Pi
β
.
the following Hamiltonian
H = −t
∑
〈i,j〉
(c†iσcjσ + h.c.) + U
∑
i
ni↑ni↓, (1)
where 〈i, j〉 denotes the nearest neighbor site, c†iσ(ciσ) is
a creation (annihilation) operator of an electron at the
ith site with spin σ(=↑, ↓) and niσ = c
†
iσciσ. t is the
transfer integral between sites and U is the Coulomb in-
teraction. The Penrose lattice we treat here is bipartite,
and its ground state is expected to be an antiferromag-
netically ordered state when U 6= 0. Namely, the spon-
taneous staggered magnetization appears in the Heisen-
berg limit (U/t → ∞).10) In contrast, electron correla-
tions in the paramagnetic state may not be trivial. When
U = 0, there appears an interesting density of states due
to the local lattice geometry. As shown in Fig. 1, there are
many pentagon structures in the lattice and each central
vertex has locally a five-fold rotational symmetry, which
leads to a number of isolated confined states.4) When the
system is half-filled, the corresponding energy is located
at the Fermi level and it may be difficult to treat elec-
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tron correlations in the system. This characteristic fea-
ture is common to the half-filled Hubbard models on the
checkerboard,11) Lieb,12) and pyrochlore lattices.13) In
addition to the above noninteracting feature, the spatial
dependence of the renormalization is highly nontrivial in
the quasiperiodic system since the coordination number
ranges from 3 to 7, and geometrical structure depend on
the lattice site.
Here, we consider the Hubbard model with large clus-
ters under the open boundary condition to avoid the in-
fluences from the periodicity and edge of the system. For
this purpose, we use the RDMFT method, where local
electron correlations are taken into account. This enables
us to obtain reliable results if spatially extended correla-
tions are negligible. In fact, the method has successfully
been applied to correlated particle systems such as sur-
face,14) interface,15) fermionic atoms16) and topological
insulating systems.17)
In RDMFT, the lattice model is mapped to the ef-
fective impurity models dynamically connected to each
”heat bath”. The lattice Green’s function is then ob-
tained via the self-consistency condition imposed on
these impurity problems. In the framework of RDMFT,
the lattice Green’s function Gˆlat is given in terms of the
site-diagonal self-energy Σi as
[Gˆ−1lat (iωn)]ij = −tδ〈ij〉 + (iωn + µ)δij − Σi(iωn), (2)
where µ is the chemical potential, ωn = (2n + 1)piT is
the Matsubara frequency, and T is the temperature. The
local self-energy Σi and Green’s function G
i
imp are ob-
tained by solving the effective impurity model for the
ith site. We use the hybridization-expansion continuous-
time quantum Monte Carlo (CTQMC) method18) as an
impurity solver. The self-consistent loop of calculations is
iterated under the condition [Gˆlat(iωn)]ii = G
i
imp(iωn).
In the paper, we treat the half-filled system, setting
the chemical potential as µ = U/2. To focus on the
Mott transition at low temperatures, we neglect ordered
phases such as the density wave and magnetically or-
dered states, and consider the paramagnetic solution
with 〈niσ〉 = 0.5. In order to study low-temperature
properties, we calculate the double occupancy di =
〈ni↑ni↓〉 at ith site. Furthermore, we deduce the quan-
tity zi = [1− ImΣi(iω0)/ω0]
−1
as a renormalization fac-
tor at finite temperatures. Although this should not be
the quasiparticle weight for the local density of states, it
is appropriate to discuss local electron correlations and
Mott transitions. In the following, we use the hopping
t as the unit of the energy. For convenience, we treat
the Penrose lattice with the five-fold rotational symme-
try, which is iteratively generated in terms of inflation-
deflation rule.19)
We first discuss how the Mott transition occurs at low
temperatures, applying the RDMFT method to the Pen-
rose Hubbard model with 4481 sites. In the system with
the five-fold rotational symmetry, there exist 444 inde-
pendent sites, and the corresponding local quantities are,
in general, different from each other. Fig. 2(a) shows the
distributions of the double occupancy di at the tem-
perature T = 0.05. In the noninteracting case U = 0,
Fig. 2. (Color online) Density plot of double occupancy (a) and
its cross-section (b) in the half-filled Penrose-Hubbard model with
4481 sites when T = 0.05. (c)The distribution of the double oc-
cupancy for the coordination number of lattice sites. The unit of
energy is set to be t.
the normal metallic state is realized with di = 0.25. In-
troducing the interaction, the double occupancy at each
site monotonically decreases, similar to the conventional
Hubbard model.20) In a certain interacting case, it is
found that the quantities range in a certain width, as
shown in Fig. 2(b). This means that the site-dependent
renormalization occurs. Further increase in the interac-
tion yields a jump singularity in each curve of di at
U = Uc2, where the first-order phase transition occurs
to the Mott insulating state. The transition point is ob-
tained as Uc2 ∼ 10.1. As discussed in detail later, an-
other jump singularity in some curves appears close to
the Mott transition point, which might be invisible in
this scale. When the interaction decreases from the Mott
insulating state, the phase transition occurs to the metal-
lic state at U = Uc1 (∼ 9.7) (not shown). As for the Mott
transition at finite temperatures, the above results are es-
sentially the same as those in the conventional Hubbard
model.20)
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Fig. 3. (Color online) Renormalization factors for A and B sites
(a), C and D sites (b), E and F sites (c) as a function of the in-
teraction when T = 0.05. Inset of (a) shows renormalization factor
for A and B sites at a lower temperature T = 0.02. The unit of
energy is set to be t.
On the other hand, there appear interesting site-
dependent renormalizations in the Penrose-Hubbard
model. Here, we focus on two pentagon structures Pα and
Pβ characteristic of the Penrose lattice, as shown in Fig.
2
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1(b). Pα (Pβ) is composed of five fat tiles and five (ten)
skinny tiles. In addition to the isolated structure, there
are the overlap structures Pβ
i composed of one pentagon
structure Pβ and i(= 0, 1, 2) pentagon structures Pα, as
shown in Fig. 1(c). To clarify how a local geometry af-
fects electron correlations, we show the renormalization
factor zi in Fig. 3. Although there exist 275 distinct A
and B sites in the Penrose lattice with 4481 sites, Fig.
3(a) shows that the quantities are almost grouped into
four classes, which are characterized by A sites in Pα, B
sites in P0β, P
1
β, and P
2
β. The renormalization factors for
B sites in P1β and P
2
β are strongly suppressed by the in-
troduction of the interaction, compared with the others.
This may suggest that the overlap structure effectively
decreases hopping integrals between B and D sites, which
enhances electron correlations relatively. Such behavior
is more clearly found at lower temperatures, as shown in
the inset of Fig. 3 (a). When the system approaches the
Mott transition point, different behavior appears, where
the renormalization factors for Pβ
i merge. This may sug-
gest that the increase of the interaction gradually de-
creases the correlation length and the presence of the
overlap structure little affects electron correlations at its
center site. In this case, particles are strongly renormal-
ized in A sites as shown in Fig. 3(a).
The difference of the renormalizations on the pentagon
structures is also found in the NN and NNN sites, as
shown in Fig. 3(b) and (c). In the weak coupling re-
gion, the renormalization factors for C sites in Pα widely
range, which should be grouped into some classes de-
pending on the overlap structure and its geometry. On
the other hand, the renormalization factors for D sites
in Pβ little range. This means that, even in the weak
coupling region, the overlap structure little affects elec-
tron correlations for D sites , contrast to that in center
sites as well as the NNN sites. We note that two classes
E(5) or E(7) clearly appear in the renormalization fac-
tor for E sites in Pα since these sites connect to 5 or
7 NN sites, as shown in Fig. 3(c). On the other hand,
in the strong coupling region, site-dependent renormal-
ization for C sites in Pα and F sites in Pβ disappears.
These facts mean that the local renormalization is not
directly related to the correlation length but depends on
its pentagon structure. Therefore, we can say that non-
trivial electron correlations appear in the metallic state
of the system.
Beyond the Mott transition point (U > Uc2), we find
that the distribution of the double occupancy for all sites
is grouped into five classes, as shown in Figs. 2 (b) and
(c). This implies that, in the strong-coupling region, the
local quantities at each site depend on its effective hop-
ping. Namely, the coordination number ranges from 3 to
7 in the Penrose lattice, and some sites with two con-
necting bonds appear only at the edge of the system.
By performing similar calculations, we obtain the
phase diagram, as shown in Fig. 4. There are two phase
boundaries Uc1 and Uc2, where the first-order phase tran-
sition occurs between the metallic and Mott insulating
states with decreasing (increasing) interactions. Increas-
ing temperatures, these two boundaries merge at the
8 9 10 11
0
0.05
0.1
0.15
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Metal Insulator
Fig. 4. (Color online) Phase diagram of the half-filled Hubbard
model on two-dimensional Penrose lattice. The dashed and solid
lines represent the phase boundaries Uc1 and Uc2, respectively.
critical end point around (U/D, T/D) ∼ (9.5, 0.094). At
higher temperatures, there are no singularities in phys-
ical quantities and the crossover between the metallic
and insulating states occurs. At very low-temperatures,
inter-site correlations should be important, which could
not be treated in our method correctly. It is an interest-
ing problem how magnetic fluctuations develop, which is
now under consideration.
We finally discuss how low temperature properties
close to the Mott transition are affected by the open
boundary conditions. To this end, we use the iterative
perturbation theory (IPT) as an impurity solver. This
method is based on the second-order perturbation the-
ory and is appropriate to describe the Mott transitions in
the half-filled Hubbard model. In fact, the Mott transi-
tion point is obtained as Uc2 = 12.8 (T = 0.05), which is
consistent with the CTQMC results. Furthermore, this
method has an advantage in efficiently evaluating the
self-energy of the effective impurity model in compari-
son with the CTQMC method. This allows us to treat
larger clusters systematically. The renormalization fac-
tors for A sites in the system with 4181 and 11006 sites
are shown in Figs. 5(a) and (b). It is found that the renor-
malization factor for each A site ranges in the tiny width
(0.065 < di < 0.075) when U = 12.0, as discussed before.
However, the quantities for certain sites decrease differ-
ently when the system approaches the Mott transition
point. We then find the jump singularity in the curves of
the renormalization factors for some sites at U ′c2, which
is slightly smaller than Uc2. These are consistent with
the CTQMC results, as shown in the inset of Fig.5(a).
To clarify the nature of this phenomenon, we show in
Figs. 5(c) and (d) the renormalization factors of A sites
as functions of the distance from the center of the sys-
tem. When the system belongs to the metallic (insulat-
ing) state, the renormalization factors are finite (almost
zero) in the system. On the other hand, in the intermedi-
ate region U ′c2 < U < Uc2, the renormalization factors in
the bulk are different from those around the edge of the
system. Therefore, this behavior should originate from
the open boundary of the system. Since a single Mott
transition has been found in the RDMFT calculations
with IPT on the square lattice under the open boundary
condition (39× 39 sites; not shown), we believe that this
3
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behavior is not due to our numerical technique. Namely,
in the intermediate region U ′c2 < U < Uc2 , the renormal-
ization factors for edge sites are still finite and the local
density of states at the Fermi level remains (not shown).
Examining the effect of open boundary condition on the
other sites, and deducing the width of the edge region, we
find that the thicknesses is independent for the system
size (d/a ∼ 2), where a is the length of a side of rhom-
bus. Therefore, we can say that large clusters should be
important to discuss the nature of the Mott transitions
in quasiperiodic systems.
In this work, we have studied the Penrose Hub-
bard model and have clarified that electron correlations
strongly depend on the site and its geometry. However,
it was difficult to clarify whether or not the above inter-
esting renormalization originates from the quasiperiodic
structure although we have treated the large clusters.
Furthermore, we did not find the detailed structure e.g.
self-similarity in the physical quantities. Therefore, fur-
ther detailed investigations on strong correlations in the
quasiperiodic systems are desired.
Fig. 5. (Color online) Renormalization factors for A sites in the
system with 4181 (a) and 11006 (b) sites when T = 0.02. Arrows
represent the transition points U ′c2 and Uc2. (c) and (d) show the
renormalization factors as a function of the radius from the center
of the system with 4181 and 11006 sites, respectively. Squares,
circles, and triangles represent the results of metallic, intermediate,
and insulating states. Inset of (a) shows the renormalization factors
for A sites in the system with 4181 sites, which are obtained from
the RDMFT and CTQMC method. The unit of energy is set to be
t.
In summary, we have investigated the half-filled Hub-
bard model on the two-dimensional Penrose lattice, com-
bining the RDMFT with the CTQMC method. Com-
puting the double occupancy and renormalization fac-
tor at each site, we have discussed the Mott transi-
tion at finite temperatures. Furthermore, we have found
that the quasiparticle weight strongly depends on the
site and its geometry. It is also interesting to study
the periodic Anderson model on the quasiperiodic lat-
tice since the valence of the ytterbium ions in the com-
pound Au51Al34Yb15 is intermediate,
21) which is now un-
der consideration.
The authors would like to thank R. Peters, T. Pr-
uschke, and S. Wessel for valuable discussions. This work
was partly supported by the Grant-in-Aid for Scien-
tific Research 25800193 and the Global COE Program
“Nanoscience and Quantum Physics” from MEXT of
Japan. Part of the computations was carried out on
TSUBAME2.0 at Global Scientific Information and the
Computing Center of Tokyo Institute of Technology and
at the Supercomputer Center at the Institute for Solid
State Physics, University of Tokyo. The simulations have
been performed using some ALPS libraries.22)
1) D.Shechtman, I. Blech, D.Gratias, and J.W.Cahn: Phys.Rev.
Lett. 53, (1984) 1951.
2) K. Kimura and H. Iwahashi, T. Hashimoto, S. Takeuchi, U.
Mizutani, S. Ohashi, G. Itoh: J. Phys. Soc. Jpn. 58, (1989)
2472.
3) A. Inaba, S. Ishida, T. Matsuo, K. Shibata, A. P. Tsai: Philos.
Mag. Lett. 74, (1996) 381-388.
4) M. Kohmoto, and B. Sutherland: Phys. Rev. Lett. 56, (1986)
2740.
5) T. Tokihiro, T. Fujiwara and M. Arai: Phys. Rev. B 38, (1988)
5981; H. Tsunetsugu, T. Fujiwara, K. Ueda, and T. Tokihiro:
Phys. Rev. B 43 (1991) 8879; H. Tsunetsugu and K. Ueda:
Phys. Rev. B 43 (1991) 8892.
6) K.Deguchi, S.Matsukawa, N.K.Sato, T.Hattori, K. Ishida, H.
Takakura, and T. Ishimasa: Nat. Mater. 11, (2012) 1013-1016.
7) S. Watanabe and K. Miyake: J. Phys. Soc. Jpn. 82, (2013)
083704.
8) V. R. Shaginyan, A. Z. Msezane, K. G. Popov, G. S. Japaridze,
and V. A. Khodel: Phys. Rev. B 87, (2013) 245122.
9) A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg: Rev.
Mod. Phys. 68, (1996) 13.
10) A. Jagannathan, A. Szallas, S. Wessel, and M. Duneau: Phys.
Rev. B 75, (2007) 212407.
11) S. Fujimoto: Phys. Rev. B 67, (2003) 235102; T. Yoshioka, A.
Koga, and N. Kawakami: Phys. Rev. B 78, (2008) 165113.
12) K.Noda, A.Koga, N.Kawakami and Th. Pruschke: Phys. Rev.
A 80, (2009) 063622.
13) S. Fujimoto: Phys. Rev. B 64, (2001) 085102.
14) M. Potthoff and W. Nolting: Phys. Rev. B 59, (1999) 2549.
15) S. Okamoto and A. J. Millis: Phys. Rev. B 70 (2004) 241104;
S. Okamoto and A. J. Millis: Nature (London) 428 (2004)
630-633.
16) R.W.Helmes, T.A.Costi, and A.Rosch: Phys.Rev. Lett. 100,
(2008) 056403; M. Snoek, I. Titvinidze, C. To¨ke, K. Byczuk,
and W. Hofstetter: New J. Phys. 10, (2008) 093008; A. Koga,
T. Higashiyama, K. Inaba, S. Suga, and N.Kawakami: J. Phys.
Soc. Jpn. 77, (2008) 073602; A. Koga, T. Higashiyama, K.
Inaba, S. Suga, and N. Kawakami: Phys. Rev. A 79, (2009)
013607.
17) Y. Tada, R. Peters, M. Oshikawa, A. Koga, N. Kawakami, and
S. Fujimoto: Phys. Rev. B 85, (2012) 165138.
18) P. Werner, A. Comanac, L. de’Medici, M. Troyer, and A. J.
Millis: Phys. Rev. Lett. 97, (2006) 076405; E.Gull, A. J.Millis,
A. I. Lichtenstein, A. N. Rubtsov, M. Troyer, and P. Werner:
Rev. Mod. Phys. 83, (2011) 349.
19) D. Levine and P. Steinhardt: Phys. Rev. Lett. 53, (1984) 2477.
20) M. J. Rozenberg, R. Chitra and G. Kotliar: Phys. Rev. Lett.
83, (1999) 3498.
21) T. Watanuki, S. Kashimoto, D. Kawana, T. Yamazaki, A.
Machida, Y. Tanaka, and T. J. Sato: Phys. Rev. B 86, (2012)
094201.
22) A. F. Albuquerque, et al.: J. Magn. Magn. Mater. 310, (2007)
1187-1193.
4
